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Heavy quarkonium hybrids are studied in an effective field theory framework.
Coupled and uncoupled Schro¨dinger equations are obtained for different quantum
numbers of the hybrid states. The results are discussed and compared to other
approaches.
We summarize here the methods and results of our more detailed paper on hybrids
published in [1]. Heavy quarkonia are bound states of a quark and an antiquark of charm or
bottom flavor, which are classified by their angular momentum and spin quantum numbers
JPC as well as their radial excitation. However, QCD also allows for bound states with
gluonic or light quark excitations, which are called hybrids or tetraquarks respectively. Such
excitations are believed to account for the exotic states observed in experiment, collectively
called X , Y , or Z. They allow for JPC quantum numbers which cannot be obtained in a
pure quark-antiquark system.
The great advantage in studying systems with heavy quarks is that usually their mass M
is larger than any other energy scale in the system. This means that even when the coupling
constant g is large and cannot be used as a perturbative parameter, still one can perform
an expansion in 1/M . A systematic way of achieving this is through effective field theories
(EFTs), where the expansion is performed at the Lagrangian level. The EFT obtained from
QCD by integrating out the heavy quark mass is called nonrelativistic QCD (NRQCD) [2, 3].
The effective degrees of freedom are two Pauli spinor fields ψ and χ, which annihilate a heavy
quark and create a heavy antiquark respectively, so-called soft gluons, i.e., with momenta
much smaller than M , as well as nf flavors of light quarks q. The Hamiltonian of NRQCD
is also given as an expansion in 1/M :
HNRQCD = H(0) +H(1) +O
(
M−2
)
, (1)
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2H(0) = 1
2
∫
d3x (Ea ·Ea +Ba ·Ba)−
nf∑
j=1
∫
d3x q¯jiD · γqj , (2)
H(1) = − 1
2M
∫
d3xψ†
(
D2 + cF gB · σ
)
ψ +
1
2M
∫
d3xχ†
(
D2 + cF gB · σ
)
χ . (3)
The physical states are required to satisfy the Gauss law
(D ·E)a |phys〉 = g
(
ψ†T aψ + χ†T aχ+
nf∑
j=1
q¯jγ
0T aqj
)
|phys〉 . (4)
In the following we will neglect the light quarks, i.e., nf = 0.
The principles of this 1/M expansion in physical observables are the same as in perturba-
tion theory of ordinary quantum mechanics. We have a Hamiltonian that is split into a main
part H(0) and a perturbation H(1). In order to find the spectrum of the full Hamiltonian,
we first determine the spectrum of the main part and then calculate corrections from the
perturbation. The main part H(0) corresponds to the theory in the limit of infinite quark
mass, also called the static limit. In this limit, the heavy quark and antiquark act only as
static color sources, and accordingly they do not appear in the Hamiltonian (although they
are still connected to the gluons through the Gauss law). So the positions x1 and x2 for the
heavy quark and the antiquark are good quantum numbers in this limit. We can write the
spectrum as
H(0)|n;x1,x2〉(0) = E(0)n (r)|n;x1,x2〉(0) , (5)
with (0)〈n′;x′1,x′2|n;x1,x2〉(0) = δn′nδ(x′1 − x1)δ(x′2 − x2) , (6)
where n stands for the set of all other quantum numbers, and the static energies E
(0)
n
depend only on the relativ quark-antiquark distance r = |x1 − x2| because of translational
and rotational invariance.
In general, the spectrum of H(0) cannot be obtained analytically, because it would cor-
respond to the solution of QCD without heavy quarks, or Yang-Mills theory for nf = 0.
However, at least the static energies can be obtained numerically in the following way: con-
sider some arbitrary state |Xn〉 in the static theory that has the same quantum numbers as
|n;x1,x2〉(0); the large time T transition amplitude of this state is given by
〈Xn(T )|Xn(0)〉 = 〈Xn|e−iH(0)T |Xn〉 =
∑
n
∫
d3x1d
3x2
∣∣〈Xn|n;x1,x2〉(0)∣∣2 e−iE(0)n (r)T . (7)
3We have inserted the unity operator
∑
n
∫
d3x1d
3x2 |n;x1,x2〉(0)(0)〈n;x1,x2|, where the sum
contains in principle all quantum numbers n, however, in this equation the sum contains
only excited states with the same quantum numbers as |Xn〉, because the overlap of |Xn〉
with any other eigenstate is zero. In the large time limit, this correlator is then dominated
by the lowest static energy with these quantum numbers, so
E(0)n (r) = lim
T→∞
i
T
ln〈Xn(T )|Xn(0)〉 , (8)
where some analytic continuation to complex times T is implied. By extending the set of
states |Xn〉, also excited static energies with quantum numbers n can be projected out.
In this way, the lowest static energies have been determined on the lattice in the quenched
approximation in [4] and [5], whose data we have used in [1]. The different static energies are
classified by their quantum numbers, which represent the transformation properties under
the symmetries of the static system. The symmetry group for two static particles of opposite
charge is the same as for a cylinder and called D∞h, where the parity transformation P has
to be extended by charge conjugation C. The elementary transformations of this group
are rotations around the quark-antiquark axis, CP transformation, and reflections across a
plane that contains the axis. The corresponding quantum numbers are labeled as Λση , where
Λ is the rotational quantum number and can be interpreted as the absolute value of the
projection of the gluonic angular momentum operator on the quark-antiquark axis, the sign
η is the eigenvalue under CP transformations, and σ is the sign under reflections. Λ can take
integer values 0, 1, 2, . . . for which traditionally capital Greek letters Σ,Π,∆, . . . are used,
for η the labels g for plus and u for minus are used, and the quantum number σ appears only
for Λ = 0, because Λ ≥ 1 representations have two degenerate components with different
values of σ, so σ is irrelevant for the static energies. According to the lattice results, the
ground state has Σ+g quantum numbers, which corresponds to standard quarkonium, and
the lowest gluonic excitations are Πu and Σ
−
u states.
Complementary information can be obtained in the short quark-antiquark distance limit
r → 0. In this limit another EFT called potential NRQCD (pNRQCD) [6, 7] can be obtained
by integrating out the scale 1/r; the resulting expansion in r has the form of a multipole
expansion. After integrating out 1/r, the heavy quark and antiquark fields can no longer be
resolved individually, so the effective degrees of freedom are quarkonium fields, which can
appear in either a color singlet or octet configuration, called S or Oa respectively, as well as
4so-called ultrasoft gluons with momenta smaller than 1/r. The Hamiltonian of pNRQCD
will be labeled with a double index, the first referring to the power of 1/M and the second
to the power of r. The first terms in the multipole expansion of the static Hamiltonian are
given by
H(0,0) = 1
2
∫
d3R (Ea ·Ea +Ba ·Ba) +
∫
d3Rd3r
(
S†Vs(r)S +O
a †Vo(r)O
a
)
, (9)
H(0,1) = −
∫
d3Rd3r
[
VA(r)√
6
(
Oa †r · gEaS + S†r · gEaOa)+ VB(r)
2
dabcOa †r · gEbOc
]
,
(10)
where dabc is the symmetric structure constant, R and r are the center-of-mass coordinate
and the relative distance respectively, and the quarkonium fields S and Oa depend on both
coordinates, while the gluons depend only on R.
In this theory it is fairly straightforward to write down suitable |Xn〉 states to determine
the static energies. For the first two gluonic excitations we use
|XΠu〉 = r × gBaOa †|vac〉 and |XΣ−u 〉 = r · gBaOa †|vac〉 . (11)
We see that the Πu state has two independent components, while Σ
−
u has only one. The
static energies we get from these states are identical at leading order:
E
(0)
Πu
(r) = lim
T→∞
i
T
ln〈XΠu(T )|XΠu(0)〉 = Vo(r) + ΛB +O
(
r2
)
, (12)
E
(0)
Σ−u
(r) = lim
T→∞
i
T
ln〈XΣ−u (T )|XΣ−u (0)〉 = Vo(r) + ΛB +O
(
r2
)
, (13)
with ΛB = lim
T→∞
i
T
ln〈vac|Bai (T )φab(T, 0)Bbi (0)|vac〉 , (14)
where φ(T, 0) is a straight Wilson line in the adjoint representation from time 0 to T ensuring
the gauge invariance of the expression. At O (r2), interactions from H(0,1) come into play,
which introduce a splitting between the two static energies, but the calculation of these
corrections requires the nonperturbative evaluation of correlators of four gauge fields, which
are currently not available. Already for the so-called magnetic gluelump mass ΛB one has to
rely on nonperturbative determinations, as performed in [5]. So we have determined those
quadratic terms instead from a fit to the lattice data of the static energies from [4] and [5].
But what this leading pNRQCD result shows clearly is the approximate degeneracy of
the two static energies for small distances, which becomes exact in the r → 0 limit. This
requires some care when calculating perturbative corrections to the static result. In naive
5perturbation theory for a generic theory with Hamiltonian H(0) and spectrum |n〉(0), the
first two corrections to the energy due to the perturbation H(1) are given through
En = E
(0)
n +
(0)〈n|H(1)|n〉(0) +
∑
m6=n
∣∣(0)〈n|H(1)|m〉(0)∣∣2
E
(0)
n −E(0)m
+ . . . . (15)
However, if two energies are nearly degenerate, as in our case the short distance static
energies of Πu and Σ
−
u , then the second correction term cannot be considered small compared
to the first and the perturbative series does not converge. Instead, one has to find the states
|h〉 in the space spanned by the nearly degenerate states |n〉(0) which diagonalize the full
Hamiltonian H(0) +H(1) on that space:
〈h′|H(0) +H(1)|h〉 = E(1)h δh′h with |h〉 ∈ span
{
|n〉(0)
∣∣∣E(0)n ≈ E(0)n′ ∀n, n′
}
. (16)
The next correction to the energy is then given by
Eh = E
(1)
h +
∑
m/∈{h}
∣∣〈h|H(1)|m〉(0)∣∣2
E
(1)
h −E(0)m
+ . . . , (17)
and since the sum now contains no nearly degenerate states the denominator does not
become large.
In our case there are in fact two sources for degeneracy: on the one hand there is the
short distance behavior of the Πu and Σ
−
u static energies, on the other hand we see that H(1)
contains derivatives, which connect states at an infinitesimal difference in their coordinates,
and thus the corresponding static energies are naturally also degenerate. The last point can
be readily understood in that H(1) goes beyond the static limit, and for nonstatic quarks
the positions are no longer good quantum numbers. Consequently, the lowest hybrid states
at leading order beyond the static limit will be a linear combination of the static Πu and
Σ−u states, each equipped with a wave function.
Since the degeneracy between Πu and Σ
−
u exists only for small distances r, we will restrict
the calculation of the first nonstatic corrections to the leading order in r. The corresponding
Hamiltonian in pNRQCD is given by
H(1,−2) = − 1
M
∫
d3Rd3r
(
S†∇2rS +O
a †
∇
2
rO
a
)
. (18)
So at this order R in fact remains a good quantum number and the wave functions have to
depend only on r. In order to calculate the corrections, we need the actual static states, not
6just |Xn〉 states that have a nonvanishing overlap. Even though those are unknown, we can
introduce a gluonic operator GB for them and write
|n;x1,x2〉 = nˆ ·GaBOa †|vac〉+O(r) , with 〈vac|(GB)ai (GB)bj|vac〉 =
δijδ
ab
8
, (19)
where nˆ are some unit projection vectors perpendicular or parallel to the quark-antiquark
axis for Πu or Σ
−
u respectively. At leading order, the details of the operatorGB are irrelevant,
the only important property is the orthogonality relation given above.
The matrix elements of H(0) +H(1) between these hybrid states
|Hyb〉 =
∑
n
∫
d3r nˆ ·GaBOa †|vac〉ψn(r) +O(r) (20)
are then given by
〈Hyb′|H(0) +H(1)|Hyb〉 =
∑
n′n
∫
d3r ψ′ ∗n′ (r)
(
E(0)n (r)δn′n − nˆ′i
∇2r
M
nˆi
)
ψn(r) . (21)
The wave functions therefore have to be eigenfunctions of a matrix-valued differential opera-
tor, i.e., we have a coupled Schro¨dinger equation, where the coupling comes from the action
of ∇2r on the projection vectors nˆ and nˆ
′. Like in ordinary Schro¨dinger equations, the wave
functions can be split into an orbital and a radial part. The orbital wave functions satisfy
a modified version of the defining differential equation of the spherical harmonics and are
labeled by quantum numbers l and m, which correspond to the eigenvalues of the combined
angular momentum operator of the gluons and the relative quark-antiquark motion. The
radial Schro¨dinger equation then is found to decouple into two parts: the first part is still
coupled but now has only two components:

− 1
Mr2
∂rr
2∂r +
1
Mr2

l(l + 1) + 2 2
√
l(l + 1)
2
√
l(l + 1) l(l + 1)

 +

E(0)Σ 0
0 E
(0)
Π





ψΣ
ψΠ

 = E

ψΣ
ψΠ

 ,
(22)
while the second part is an uncoupled Schro¨dinger equation:
[
− 1
Mr2
∂r r
2 ∂r +
l(l + 1)
Mr2
+ E
(0)
Π
]
ψΠ = E ψΠ . (23)
The two Schro¨dinger equations correspond to opposite parity solutions; also note that the
first equation itself decouples for l = 0 and only the solution for ψΣ is physical. The energy
eigenvalue E then gives the mass of the hybrid as mHyb = 2M + E .
7In [1] we have compared the results of these Schro¨dinger equations using the potentials
obtained from pNRQCD and the lattice data from [4] and [5] with various other investiga-
tions of hybrids. There are several experimental candidates in the mass range we obtain,
although at this point it is not possible to make a clear identification. Another calculation
of hybrid masses has been done in the framework of the Born-Oppenheimer approximation
in [8]. While similar in approach and leading to comparable results, they do not obtain the
splitting between opposite parity states that emerges clearly in the EFT treatment. There
has also been a direct lattice computation of exotic charmonium states in [9]. The masses
of the hybrid candidates identified in this paper have to be averaged over the different spin
configurations for a comparison with our results; there seems to be an overall shift, but in
particular the mass differences between different JPC multiplets agree well with ours. For
a more detailed discussion and graphical representation of our results, the interested reader
is referred to [1].
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